Abstract--Force-annihilation-prediction conditions are developed for Lanchester-type equations of modern warfare in which an important type of logistics constraint (limited ammunition) has been incorporated into the attrition-rate coefficients. Conceptually, combat is decomposed into two processes: (1) attrition and (2) logistics (ammunition consumption). After a discussion of Lanchester-type modelling of logistics processes for different levels of combat operations, a Lanchester-type homogeneous-force model of a fire fight in small-scale combat (during which there is assumed to be no redistribution of ammunition) is presented with limited ammunition for each combatant being represented by time-dependent attrition-rate coefficients with compact support. Since physical/operational considerations compel one to sometimes consider discontinuous attrition-rate coefficients, previous force-annihilation-prediction conditions developed under more restrictive conditions are extended to the general case of nonnegative, integrable attrition-rate coefficients and applied to the logistics-constrained Lanchester-type model developed here. The qualitative structure of battle outcome as a function of the initial force ratio for such logistics-constrained battles is discussed and several numerical examples given, which show that the situation considered here is a special case of time-constrained combat. These results allow one to study a broader class of variable-coefficient combat models of considerable tactical interest (e.g., models of logistics-constrained combat) almost as easily and thoroughly as Lanchester's classic constant-coefficient model (without logistics constraints).
INTRODUCTION
This paper develops force-annihilation-prediction conditions for an important class of Lanchester-type combat models in which logistics constraints have been incorporated into the attrition-rate coefficients. Lanchester-type combat models [1] [2] [3] are deterministic differential-equation models of the force-on-force attrition process in which a state variable is typically the number of a particular weapon-system type. They are widely used in military operations-research (OR) activities in the United States [3] , NATO countries [4, 5] , and elsewhere [6, 7] . Consequently, one is interested in mathematically analyzing Lanchester-type paradigms, both for determining cause-and-effect relations in such relatively simple models themselves and also for understanding, complex, largescale, computer-based Lanchester-type operational models [8] [9] [10] developed from these basic paradigms by the process of model enrichment (see [11] [12] for lucid discussions of the model-enrichment process). However, previous analytical work has not considered logistics aspects (although computer-based models have usually done so [9, 12] ). Therefore, we will expand the field of view for analytical investigations of Lanchester-type models to include an important logistics process (specifically, the consumption of ammunition) and will investigate the effect of this process on battle outcome through a judiciously formulated model.
Thus, we will investigate the effect of an important logistics constraint (limited ammunition) on battle outcome (in particular, force annihilation) in combat modelled by so-called Lanchester-type equations for modern warfare [13, 14] . It is important for the military OR analyst to have a clear understanding of how the initial force ratio and weapon-system-performance characteristics influence the outcome of battle. Moreover, frequently an analyst may only want to determine who is going to "win" a simulated homogeneous-force engagement without having to spend the time and effort of explicitly computing the force-level trajectories for Lanchester-type combat. Thus, one is interested in developing battle-outcome-prediction conditions [2, 15] that help one obtain important insights into the dynamics of combat by explicitly portraying the relation between various model parameters and battle outcome. Although force annihilation may not always be the best criterion for evaluating military operations, it is of considerable utility (especially for developing insights into the dynamics of combat) just to be able to easily predict the occurrence of force annihilation in simulated Lanchester-type combat [16, 17] . The contribution of this paper is to show how an important logistics constraint (limited ammunition for each combatant) may be represented in the attrition-rate coefficients of a Lanchester-type homogeneous-force model of small-scale combat operations in such a way that force-annihilation-prediction conditions are readily obtained.
For modelling small-scale (as opposed to large-scale) combat one is inevitably forced to use variable-coefficient Lanchester-type equations to represent temporal variations of firepower on the battlefield [3, 18, 19] , and their analytical solution by infinite series is well known to be so complicated that it provides by itself little information about battle outcome [13, 14] . Along these lines, in his well-known survey on the Lanchester theory of combat, Dolansky [1] suggested the development of outcome-predicting relations without solving in detail as one of several problems for future research. Subsequently, work on battle-outcome-prediction conditions for Lanchester-type combat models was initiated by Taylor and Parry [20] and has been pursued by Taylor and Comstock [21] , Taylor and Brown [22] , and Taylor [15, 23, 24] . Such conditions depend in an essential way on the model of battle termination (e.g., see [15] ), but most work has focused on force-annihilation prediction, which is mathematically equivalent to predicting the occurrence of the (at most) single zero on the real line of the general linear second-order differential equation with nonoscillatory (in the strict sense) solutions. This work has led to some important extensions of the mathematical theory of the real zeros of such nonoscillatory solutions [23] and of error bounds for the Liouville-Green (or WKB) approximation [25, 26] . In the paper at hand, we show how such results may be applied to small-scale Lanchester-type combat in which limited ammunition is explicitly represented in the attrition-rate coefficients. Although some operational Lanchester-type combat models [8, 10] represent logistics processes (e.g., consumption of supplies and replacement of personnel and material) and include logistics considerations in their tactical-decision rules (e.g., when to disengage), the author is not aware of any previous analytical investigation of the effects of logistics on battle outcome.
Moreover, not only are these results of interest in their own right, but they are also important for understanding the behavior of complex operational Lanchester-type corn-bat models that are widely used today in both the United States [3, 9, 27] and also NATO countries [5] . The modern high-speed, large-scale digital computer has made possible the development and use of these complex Lanchester-type combat models. More recently, such operational Lanchester-type models (but of more modest complexity) have even been implemented on the hand-held programmable calculator [16] . Nevertheless, a simple combat model such as we consider here may yield a clearer understanding of important relations that are difficult to perceive in a more complex model, and such insights can provide valuable guidance for subsequent higher-resolution computerized investigations [2] . As Geoffrion [28] has emphasized, one can use a simplified auxiliary model for understanding the basic dynamics and behavior of a large-scale complex operational model [2, 3] . Furthermore, one can fit an analytical model to data generated from a detailed combat simulation, and thus a simple analytical model such as we consider here provides an economical framework for summarizing simulation output data (see [29] for a lucid discussion of this modelling strategy in a nonmilitary context; also [30] ).
LANCHESTER-TYPE EQUATIONS OF MODERN WARFARE
We will take the following variable-coefficient Lanchester-type equations for modern warface [13] [14] More generally, one should only use the above equations for modelling combat when both x(t) and y(t) > 0 and, for example, set dx/dt = 0, when x = 0, since negative levels have no physical meaning. Although not explicitly stated hereafter, this convention should be understood. Although combat between two military forces is a complex random process, such a deterministic model of the combat attrition process is frequently used [3] to provide insights into the dynamics of combat [20, [31] [32] [33] [34] [35] . Moreover, current large-scale operational models [8] [9] [10] take (2.1) as the point of departure for their development through the process of model enrichment [11, 12] . These equations are usually taken to model combat under either of the following two sets of operational circumstances [3] : either or ($1) both sides use "aimed" fire and target-acquisition times do not depend on the number of targets [31] , ($2) both sides use "area" fire and a constant-density defense [32] .
The practical use of such equations in analysis essentially depends on one's ability to obtain realistic values for the coefficients, and this important topic will now be addressed. An attrition-rate coefficient like, for example, A(t) represents the rate at which a single Y firer kills X targets at time t. This process has been analyzed and modelled in order that numerical values for these attrition-rate coefficients may be determined from data on weapon-system performance characteristics and the physical/operational circumstances of the simulated battle [19, [36] [37] [38] [39] . Further details and references may be found in [3] . Such submodules relate the attrition-rate coefficients to variables such as force separation, tactical posture of targets, rate of target acquisition, firing doctrine, firing rate, etc. The importance for evaluating proposed weapon systems of using such variable-coefficient Lanchester-type models to represent temporal variations in firepower on the battlefield has been stressed in the OR literature [2, 3, 18, 19, 36] . Examples of such time-dependent attrition-rate coefficients A(t) and B(t) and a further discussion of modelling considerations may be found in [2, 3, 21, 22, 40] .
Mathematically, we make the following assumptions about the attrition-rate coefficients:
(A1) A(t) and B(t)~ L(t0, T) for any finite T _> to with t0-0, (A2) A(t) and B(t) are continuous and positive for to < t < +oo.
It follows from (A1) that, for example, A(t)~ L(t0, +oo) implies that
The coefficients A(t) and B(t) will be taken to be given in the form
A(t) = kAO(t) and B(t) = ksH(t),
where kA and ka are positive constants chosen so that A [23] . In other words, kA and ka are basically "scale factors," which are useful for parametric study of battle outcome [14, 17, 22] . This factorization (2.2) of A(t) and B(t) is not used directly in (2.1) but is implicit in the construction of the general Lanchester functions used to represent the analytical solution to (2.1) [14, 23] . It is then convenient to introduce the combat-intensity parameter At and the relative-fireeffectiveness parameter ~.R defined by kA (2.3) Xl=X/k-~ and ~R=k-~.
(t)lB(t)=-kalk, if and only if G(t)-H(t)

The convention that A(t)lB(t)-XR if and only if G(t)-H(t) uniquely determines XR,
but ~ is unique only up to a multiplicative factor. This nonuniqueness of ~x is inconsequential for our developments here, however, since k,~ always appears in conjunction with an attrition-rate coefficient [e.g., "X/-~RB(t)= h~H(t)] and this combination is uniquely determined.
The X force level x(t) may be written as [14] x
(t) = xo{Cg(O)Cx(t) -Sy(O)Sx(t)}-yoV~R{Cx(O)Sx(t) -Sx(O)Cx(t)}, (2.4)
where the hyperbolic-like general Lanchester [unctions (GLF) Cx(t), Sx(t), Cy(t) , and Sy(t) may be taken to be defined by the following two systems: (2.6) where [according to (A2)] to denotes the largest finite time at which A(t) or B(t) ceases to be continuous or positive. The convention that the initial conditions to (2.5) and (2.6) are specified at t0-< 0 allows an entire family of battles to be analyzed with a single set of tabulations for the GLF [23] . These many conventions pertaining to the GLF have been motivated by consideration of the constant-coefficient results.
dSx A(t) Cy with Sx(to) = O, d t = V-~R
LOGISTICS-MODELLING CONSIDERATIONS
The scale of combat operations considered by a combat model has a major impact on the modelling of combat processes, especially logistics. The scale of operations (together with the level of resolution) determines the significant processes to be modelled and the aspects of them to be represented (cf. the situation in manual wargaming [41] ). For present purposes, it seems appropriate to consider the following two levels of combat operations:
(I) small-scale operations (i.e., combat between company-or platoon-sized units and smaller), (II) large-scale operations (i.e., combat between division-sized units and larger).
An engagement in such small-scale operations is typically a so-called "firefighr' (e.g., see [42] ) that lasts at most an hour or so. The major logistics consideration is ammunition. Because of the intense and continued combat action, there is little opportunity for combatants to redistribute ammunition among themselves during such a firefight. In particular, it is usually assumed (e.g., see [19] ) that when a combatant is killed, his ammunition is lost (at least temporarily while the firefight rages). Finally, because of the firefighrs short duration and time inhomogeneities, a simple model of such an engagement should reflect these temporal variations in fire effectiveness. On the other hand, an engagement in such large-scale operations is typically a battle that may last several days or more. Other logistics aspects such as personnel replacements, ground-force petroleum and oil (POL), aviation POL, other supplies, etc. must now be considered [10] . More importantly, because there are "lulls" in fighting during such protracted combat, ammunition is frequently redistributed among combatants. In particular, it is frequently assumed (e.g., see [10] ) that there exists a central supply of ammunition from which each combatant draws as needed and that there is "no leakage" of the logistics system (i.e., no unfired ammunition lost). Thus, we see that logistics modelling is strongly influenced by the level of combat operations considered, and different logistics aspects should be represented in combat models that consider different levels of combat operations.
Two general methods for incorporating logistics aspects (cf. the modelling of suppressive effects in [3] ) into a Lanchester-type combat model are as follows:
(M1) modification of the attrition-rate coefficients, (M2) expansion of the state space.
The first method (M1) applies primarily to simple models (more precisely, it allows one to use a simple model) and will be employed in the paper at hand (see next section). The second method (M2) may lead to large-scale system models that consider spatial inhomogeneities on the battlefield (e.g., see [10] ). Moreover, in both cases one must also modify the engagement-termination conditions (see [15] ) to reflect the inclusion of logistics considerations.
Although not our primary focus, it will be instructive for comparison purposes to briefly further consider here the second method (M2) for incorporating logistics effects into a Lanchester-type model. Let us accordingly consider the following expanded-statespace formulation for large-scale combat with logistics explicitly considered (cf. [43] where Sx and Sy denote the supply (taken to be ammunition) levels of the X and Y forces, and Vx and Vy denote the firing rates of individual X and Y combatants. We also take the battle-termination conditions (see [15] for further details) to be that X loses when x =xBv or Sx = sxL, and similarly for Y. Here XBp 20 denotes X's breakpoint force level [15] , and s XL --> 0 denotes a threshold level of supply for the X force such that it decides to disengage when this level is reached (cf. [10] ). It should be noted that complete and continuous redistribution of ammunition is implicit in the last two equations of (3.1) (cf. the above discussion of large-scale operations). Unfortunately, except essentially when A, B, Vx, and Vy are constants (an assumption of dubious operational significance [36] ) and x~p = YBP --0, this model is apparently quite resistant to mathematical analysis (especially determination of battle-outcome-prediction conditions). (In the next section, however, we will judiciously formulate an operationally relevant model that is quite susceptible to such analysis.) Further model enrichments are (of course) possible, but the above simple model shows the gist of the expanded-statespace method (M2). It should be compared with the model developed in the next section. It remains for us to discuss the modelling of ammunition consumption, i.e., firing rate. Let us therefore consider the firing rate of a single typical, for example, Y combatant, denoted as vy(t). Two models that have been used in operational Lanchester-type combat models are as follows: MODEL 1 [19] : (3.2) and fa(t))_ MODEL 2 [10] :
where a(t) denotes the rate at which a single Y firer kills X targets (Lanchester attrition-rate coefficient), Nxy is a random variable denoting the number of rounds for a Y firer to kill an X target, E[.] denotes mathematical expectation, a(t) denotes the rate at which acquired targets are killed by a single Y firer, and fly denotes the firing of a Y firer when firing at an acquired target. The last quantity is physically measurable under simulated combat conditions in, for example, military field experiments (e.g., see [44] ) and all the former quantities a(t), a(t), and E[Nxy] may also be estimated from such "experimental data" (see [10] ).
A LANCHESTER-TYPE MODEL THAT REPRESENTS LOGISTICS CONSTRAINTS IN THE ATTRITON-RATE COEFFICIENTS
Let us now consider a "firelight" between two homogeneous forces in small-scale combat operations. Based on our above discussion, we will make the following assumptions concerning ammunition consumption:
(AM1) ammunition is equally distributed among the combatants of each force at the beginning of the firefight, (AM2) there is no redistribution (i.e., no transfer between combatants) of ammunition during the firefight.
The supply (i.e., ammunition) consumption by an individual combatant can then be taken to be modelled by dsv(t) with s(0)=s0, Thus, consideration of logistics aspects has yielded that a combatant can only fight for
where tcF is given by (4.2).
With an eye towards developing battle-outcome-prediction conditions, we will model such logistical constraints by including their effects directly in the attrition-rate coefficients, since we can then apply previously developed results to the resultant model. The obvious thing to do is to "turn off" attrition when a typical combatant on a side reaches his critical threshold level of ammunition. Since all combatants on a particular side are considered to be identical in a homogeneous-force Lanchester-type model, the *Such an assumption is part of the tactical-decision rules in VECTOR-2 [10] . Additionally, the author would like to thank CPT W. T. Farmer, USA of TRADOC Research Element Monterey (TREM) for suggestions regarding the analysis of operations in this section.
attrition-rate coefficients in (2.1) would be given by
A(t)= {O (t) for forO<<-t<tY~<t, tYF'
and (4.4)
where a(t) and b(t)>-0 denote the fire effectiveness for "well-supplied" combatants and the superscripts in txF and tYp denote the force under consideration. Here a(t) and b(t)
are taken to be time dependent, since changes over time in numerous physical/operational factors (e.g., distance between firer and target, firing rate, combatant posture, etc.) produce temporal variations in them (e.g., see [10, 18, 19, 36] for further details). If we assume that the battle terminates when a side reaches its critical threshold level of ammunition, then the battle can only last for a maximum length of time tmax = min(tXr, tYF), with the X force losing when txF< tY~ and this time tmax = tx~ is reached. The attrition-rate coefficients are then given by
{0 ,, ,
for 0--< t ~ tmax, for tmax < t, and (4.5) b(t) for O<-t-<t ....
B(t) = 0 for tmax< r
To recapitulate, the rationale behind this model is that military-operations experts hold that a unit will participate in a firefight until ammunition per man reaches a critical threshold level, and then it will try to "break off" the engagement. In many situations, one may well want to pursue the analysis past this "first phase" (i.e., past the time at which one side starts to disengage), but this aspect is beyond the scope of the investigation at hand. Let us now recapitulate the model formulated piecemeal above. Accordingly, we state our model in final form as with attrition-rate coefficients dx 
~-= -A(t)y dy_ -d-{ --B(t)x A(t)= { O (t)
with
FORCE-ANNIHILATION-PREDICTION CONDITIONS
Consideration of so-called force-annihilation-prediction conditions [2, 21, 23] has motivated the developments of this paper and has guided formulation of the Sec. 4 model. Although other battle-termination conditions are frequently used in modelling combat operations [15] , it is of considerable utility just to be able to easily predict the occurrence of force annihilation in simulated Lanchester-type combat [16, 17] . One is always interested in determining precisely what conditions lead to the annihilation of an enemy force, since such an occurrence always (of course) guarantees victory. Actual battles rarely go completely to annihilation, since a commander would probably decide to terminate an engagement once he anticipates that annihilation is possible, and hence force-annihilation conditions may also be useful in modelling engagement termination. Additionally, a commander would seek to avoid engagements in which his force will be annihilated, and such conditions may thus also provide valuable information for the modelling of (for example) engagement avoidance.
In the case of constant attrition-rate coefficients, denoted here as a and b, it is a trivial matter to show that X will be annihilated in finite time if and only if x0/Y0 < X/a--~. Taylor and Comstock [21] first developed an extension of such a result to variable-coefficient combat, and Taylor [23] has subsequently developed force-annihilation conditions under less restrictive conditions. THEOREM 1 [23] . Consider the Lanchester-type model (2.1), and assume that (A1) and (A2) hold. Then the X force will be annihilated in finite time [i.e. x(t) has a finite zero point] if and only if 
(~A(s) ds ,-+~Cx(t) Q*ax ~--~RJ,o{---~x(S--~ v
and (5.3)
.
Sy(t) * ,/T--(®B(s) ds lm --= Qmin = (5.4)
We always have 0 < Q'in-Qmax < +~, with Q'in < Q*ax if and only if A(t) and B(t) L(to, +oo).
Additionally, the following result (which is a minor extension of one by the author [45, • . . * Theorem 2]) addresses how the panty condition parameters Qmin and Qr~ax depend on the combat-intensity and relative-fire-effectiveness parameters.
THEOREM 2 [45] . Assume that (A1) and (A2) hold. Then the parity-condition parameters Qmin and Qmax do not depend on the relative-fire-effectiveness parameter hR, but may depend on the combat-intensity parameter hr. They are independent of hr if and only if the ratio of attrition-rate coefficients is constant, i.e., A(t)/B(t)=-Constant, and either A(t) or B(t)¢~ L(t0, +oo).
Remark 1. The fact that the parity-condition parameters do not depend on hR provides at least a partial justification for taking the attrition-rate coefficients A(t) and B(t) in the form (2.2) and introducing hr and hR.
Unfortunately, the hypotheses of Theorems 1 and 2 are not satisfied by the attritionrate coefficients (4.7) of the Lanchester-type model developed in Sec. 4. However, their conclusions hold under much more general conditions: they hold for any nonnegative attrition-rate coefficients. Let us therefore formally state the following assumption. Proof. The solution to the differential-equation model (2.1) must now be taken in the appropriate generalized sense. In particular, the hyperboliclike GLF C×(t), Sx(t), Cy(t), and Sy(t) are now taken to be absolutely continuous and to satisfy (2.5) and (2.6) a.e., and the proof of Theorem 1 [23, Theorem 2] must be modified in the appropriate places. The proof of Theorem 2 [45, Theorem 2] is so trivially modified that it will not be considered further here. We will now recapitulate the salient points in the proof of Theorem 2 of [23] . It is based in an essential way on the cannonical representation (2.4), the monotonicity of a certain linear-fractional function, and the existence of limits as
t ~ +oo for the quotients Sx(t)/Cx(t) and Sy(t)/Cv(t). Since Cx(t) and
Cx(t)~+~{A(s)/X/-~R} dsl{C×(s)} 2
are linearly independent, one can write The existence of the improper integral in (5.6) follows by exactly the same arguments as in [23] . From (5.5), it follows that the ratio Sx(t)/Cx(t) is nondecreasing (strictly increasing on any subinterval on which A(t) > 0 a.e.) and has the limiting value 1/Q*ax as t ~ +oo. One now writes (2.4) as
x(t) = c×(t){cy(o)
-sy(o)n~(t)} {Xo-yoX/~G,(t)},
where 7/x(t)= Sx(t)/Cx(t) and
Similar arguments as used in [23] 
now yield that {Cy(O) --Sv(O)clx(t)} > 0 and that Gl(t)
is absolutely continuous, nondecreasing, and positive for t E (0, +oo), with G~(0) = 0, and it has a finite limit as t --* +~, namely, .2)] to the breakeven force ratio, which has been found to "be the single most important measure" of force capability in U.S. Army combat analyses [16] . Furthermore, the combat situations considered in [16] were all similar to that considered by the Sec. 7 example.
lim G,(t) = F(Q*J. t--++~
It follows that (I) x(t)
Remark 3. It is convenient to retain the convention that the initial conditions to (2.5) and (2.6) are specified at to-< 0, since by a judicious choice of to an entire family of battles may be analyzed with a single set of tabulations for the GLF (see example given in Sec. 7). When A(t) and B(t) are given by (4.7) with tmax ( +0% i.e., both have compact support [46] , then they both E L(t0, +~) and consequently Q'in < Q*~x. Hence, there will always exist a finite range of initial-force-ratio values such that the battle ends by one side reaching its critical threshold level of ammunition.
Corollary 1. Consider the Lanchester-type model given by (4.6) through (4.9), and assume that (A1) and (A2a) hold for the attrition-rate coefficients (4.7) with tmax < +oo. Then the conclusions of Theorems 1 and 2 still hold with * * 0 < Qmin < Qmax < +oo.
PIECEWISE-CONSTANT-COEFFICIENT EXAMPLE
Let us consider the piecewise-constant-coefficient version of the Sec. 4 model. Force-on-force attrition is accordingly modelled by (4.6), with attrition-rate coefficients {0 forO~t--<t . Here a, b, Vx, and /]y are constants. It is convenient here to take to = O. Then for 0-< t-< t .... Cx(t) = Cv(t)= coshX/a-bt and Sx(t) = Sy(t) = sinhX/a-bt, and for tmax < t, Cx(t) = Cv(t) = cosh~/'h-btmax and Sx(t) = Sy(t) = sinhX/a-bt .... Since each combatant has only a finite amount of ammunition, tmax is finite. Hence Corollary 1 yields Remark 5. This example readily yields one of the maxims of ground combat: to win a firelight, one must not only achieve fire superiority but also maintain it long enough to win (cf. [42] ). To see this, we recall the simplest model for the Lanchester attrition-rate coefficients for 0 -< t < tmax, namely [3] ,
XY YX
a P SSKVy and b (6.7) = = p SSKI,'X, where pXY ssK denotes the single-shot kill probability for a Y firer against an X target (and generally depends on Vy) and similarly for P YX ssK. Considering (6.5), we see that although increasing Vx decreases the first factor (i.e., X/a/b) on the right-hand-side of the X win condition, the force-ratio threshold for an X victory may actually increase when Vx increases, since increasing Vx decreases txF = tmax and hence the second factor. Thus, increasing Vx will not always produce a more favorable outcome for X, since he cannot sustain these target effects as long.
A FURTHER INSTRUCTIVE EXAMPLE
Let us consider Bonder's [18, 36] constant-speed attack and so-called power-attritionrate coefficients with no offset [2, 21] (see also [40] ). We will focus on a mobile homogeneous Y force attacking at constant speed the static defensive position of a homogeneous X force (see Fig. 1 ). We again take (4.6) to model force-on-force attrition, but this time with attrition-rate coefficients where and for 0 d t 5 t,,,, for t,,, < t, and (7.1) B(t) = kB(t + C)" for 0 I t I t,,,, o for t,,, < t, types (assumed to have the same maximum effective range), a0 denotes the kill rate of the Y weapon-system type at zero force separation (range), and PO similarly for the X weapon-system type. We assume that the battle begins within the maximum effective range of the weapon systems and hence C 2 0. Here the kill rate of a single, for example, Y weapon system as a function of range (see [19] for operational/physical justification) has been modelled by (see Fig. 2) a(r)= 0 1-for 0-< r-ro for re <--r, (7.4) and range is related to time by r(t) = ro-yr. (7.5) Since the attackers reach their final objective (i.e., the enemy's defensive position) at t,fo = ro/v, the attack is over at this time if neither side has previously reached its critical threshold level of ammunition or been annihilated, i.e., (7.2) holds. Thus, A(t) = a(r(t)) for 0 -< t -< tmax.
For constructing the GLF, it is convenient to take to = -C. In order that both A(t) and [47] (see also [17] ).
B(t) E L(to, T),
It is now instuctive to consider some numerical examples. We will accordingly consider an engagement modelled by the input data and computed parameter values shown in Table 1 . We will consider two specific cases: (I) r0=2000m, and (II) r0 = 1250 m. For these examples, we will assume that /max ~---roll). (In general, however, one must determine /max by (7.2) and (7.3), with detailed modelling of each side's firing rate being required [e.g., (3.2) When r0 = 1250m (see Fig. 3 of [14] ), we have C = 5.5923 min, "r0=0.0975, t~ax = 9.32min, and ~'max = 1.132. In this case, we again have Qmin~' = 2.329 and Qmax" = 3.486. However, the defending X forces will be annihilated if and only if xo/Y0 < 0.304, while the attacking Y force will reach their final objective without annihilating the defenders or running out of ammunition if and only if 0.304 -< xo/Y0 -< 0.502. These parametric results should be contrasted with the single /x = 1, v = 2 force-level trajectory shown in Fig. 3 of [13] and Fig. 3 of [14] . No insights into what it took for the attackers to reach their final objective without annihilating the defenders were given in this earlier work (cf. [16] ). Our new important results allow one to quickly and easily compute the bounding threshold values of the initial force ratio for such an outcome to occur. We have shown how to incorporate an important type of logistics constraint (limited ammunition) into the attrition-rate coefficients for Lanchester-type equations of modern warfare in such a way that force-annihilation-prediction conditions may be readily deduced. However, these results only apply to (small-scale) combat of short duration, with a different formulation (see model given in Sec. 3) required for sustained (largescale) combat in which redistribution of ammunition occurs. Focusing on a firefight during which no redistribution of ammunition was assumed to occur, we made the usual assumption that all combatants on each side were homogeneous, and consequently limited ammunition for a side could be represented by setting the appropriate Lanchester attrition-rate coefficient (fire effectiveness, i.e., kill rate, of a single representative firer on that side) identically equal to zero after he has reached a critical threshold level of ammunition. Thus, a typical combatant on a side can only cause attrition while his ammunition is above a critical threshold level. Since each combatant initially has a finite amount of ammunition, mathematically this means that the attrition-rate coefficients have compact support. Unfortunately, force-annihilation-prediction conditions had previously been developed only for positive, continuous (except for at most one point) attrition-rate coefficients. Since there are compelling physical/operational grounds for considering discontinuous attrition-rate coefficients (cf. the examples of Secs. 6 and 7), we were naturally led to extending previously developed force-annihilation-prediction conditions to the general case of nonnegative, integrable attrition-rate coefficients.
It has been known [23] 
that there exists a finite range of initial-force-ratio values such that neither side is annihilated in finite time if and only if both A(t) and B(t) E L(to, +oo).
We saw that this case occurs precisely when each combatant has limited ammunition, and consequently the attrition-rate coefficients [assumed ~ L(t0, T) for any finite T -> 0] have compact support. Thus, as first noted in [15] , such integrability conditions for the attrition-rate coefficients are physically related to logstics constraints. Another way to see this is to observe that since (assuming that multiple kills per round are impossible) the firing rate for a combatant is always greater than his kill rate, e.g., vy(t)>-A(t), it follows that limited ammunition for each side implies that both A(t) and B(t) E L(0, +oo).
Concerning the nonannihilation of either side in finite time for a finite range of initial-force-ratio values, what is going on is that there is a deadline against which the battle is being fought. To see this, let us vary the initial force ratio from values such that X is annihilated in finite time to those such that Y is annihilated. As parity (i.e., neither side ever being annihilated in finite time) between forces is approached, the length of time until a side is annihilated is extended until the deadline is reached (and battle terminated) before either side has been annihilated. Thus, the situation considered here is a special case of the more general situation of combat against a deadline (timeconstrained combat). When this deadline does not depend on the initial force levels, the battle's outcome depends on force-level thresholds that are functionals of only the attrition-rate coefficients [e.g., 1/Qmax and Qmi, as given by (5.3) and (5.4)]. This paper has shown how these thresholds (see the examples of Secs. 6 and 7) may be analytically determined in a simple, direct manner for any attrition-rate coefficients of tactical interest. Results for some other attrition-rate coefficients may be found in [22, 40] . The results of this paper are important because they help one to better understand the effects of logistics constraints on battle outcome for the fundamental Lanchester-type paradigm. An understanding of the consequences of various forms of the Lanchester paradigm has become essential today in modern military OR because they may be considered to be the point of departure for so many contemporary operational combat models used in defense planning. Force-annihilation-prediction conditions such as given
